As part of compensation, municipal employees typically receive promises of future benefits. Motivated by the recent bankruptcy of Detroit, we develop a model of the equilibrium size of a city and use it to analyze how pay-with-promises schemes interact with city growth. The paper examines the circumstances under which a death spiral arises, where cutbacks of city services and increases in taxes lead to an exodus of residents, compounding financial distress. The model is put to work to analyze issues such as the welfare effects of having cities absorb pension risk and how unions affect the likelihood of a death spiral.
Introduction
As part of compensation, municipal employees typically receive promises of future benefits.
However, governments often do not put aside sufficient money to pay for future liabilities.
For example, health benefits beyond retirement are often part of compensation packages, yet, as we discuss below, typically no money is set aside to pay for this promised benefit.
A problem here is that a city might experience an adverse economic shock that causes the population to decline, and when the bill comes due for the promised benefits, relatively few people may be left to pay it. The resulting financial distress will likely be followed by some combination of cutbacks in city services or increases in city taxes. Both make the city less attractive, inducing further exodus and thereby compounding the problem. This feedback loop, where initial exodus begets further exodus, is sometimes called a death spiral.
The city of Detroit is bankrupt, and much of its debt stems from promises it made to compensate city employees. The term "death spiral" is regularly invoked in discussions of the crisis. For example, a program on Michigan Public Radio explained that debt based on "promises made to municipal workers" leads to a crisis where "essential services get cut . . . and business and homeowners get out of town, leaving behind a smaller and poorer population even less able to cover a city's soaring costs."
1 The emergency city manager himself (Kevyn Orr) has used the term: "We are in a death spiral." 2 Services are currently so bad in Detroit that 40 percent of streetlights are not working. 3 Police have been unable to provide basic services. The population has fallen by 26 percent since 2000, and the most recent census data show a continuing decline.
This paper provides a formal economic analysis of a model where cities pay employees with promises and the possibility of a death spiral exists. We focus on three questions. First, how do outcomes change when a city uses pay as you go instead of pay with promises? We show that death spirals will not happen under pay-as-you-go schemes. It is a simple point, but to highlight its importance, it is useful to mention an op-ed article by Paul Krugman that argued that the Detroit episode is mostly the story of a city's bad luck in the face of the declining auto industry. "For the most part the city was just an innocent victim of market forces." 4 Our point is that pay with promises has exacerbated the problems created by the decline of the auto industry. If Detroit had used pay as you go all along, then after it was hit by shocks that led some residents to leave, at least the tax revenue collected from the remaining residents could have been used to provide them with critical public services (like streetlights) to stem further outflow, rather than using taxes to pay for public services consumed decades previously. A related point is what happens in the model when cities abide by pay as you go in an actuarially fair expected value sense, but promise to absorb any risks of deviations from expected value. We show why this kind of insurance is costly for governments to offer, because the realization of the uncertainty feeds back into how many people end up living in the city and thereby affects the tax levels.
The second question we focus on is: What difference does it make if government workers are unionized? Note that pay-with-promises schemes in the public sector (e.g., retiree health benefits) are common for both union and nonunion workers. (This is in sharp contrast to the private sector, where most nonunion firms have switched to pay as you go.) When we look at the effect of unions, the focus is not that unionized city workers are more likely to compensated with pay with promises. Instead we hold fixed the share of compensation that is pay with promises and focus on a union's effect on overall compensation and productivity.
Unions make a death spiral more likely for two reasons. First, they drive up overall compensation, which includes higher levels of pay with promises, meaning that there will be a greater overhang of legacy retirement costs. Second, unions make it more costly to provide government services to current residents, making it harder to convince residents to stay.
Our third question is: What are the implications of the analysis for the bankruptcy proceedings? In our model, allowing cities to write down legacy costs in the face of a death spiral is welfare improving. This is a blunt instrument for reducing the extent of promises.
Of course, if workers were paid in cash rather than promises, there would be no need for them to show up in bankruptcy court.
The central analogy throughout this paper is that between a firm trying to attract sales for its product and a city trying to attract residents. In both cases, there is downwardsloping demand: a firm raising its price loses customers, a city raising taxes or reducing services loses residents. Furthermore, in both cases the existence of a fixed cost creates an economy of scale. For a firm, fixed costs arise for the usual textbook reasons. For a city, legacy pension and retiree health care are fixed costs. In particular, these costs depend on municipal employee levels from previous years, but do not vary with the city's current population size. Thus, the greater the current population, the more people over which to average the legacy cost. Finally, both firms and cities are subject to demand shocks. In fact, there are significant conceptual links between the literatures on the dynamics of firms and the dynamics of cities (see, e.g., Luttmer (2007) on firms and Gabaix (1999) on cities).
Analogous to the way in which fixed legacy costs are a problem for a firm facing declining demand, they are also a problem for a city facing declining demand. In recent years, private sector firms have moved away from pay-with-promises schemes to pay-as-you-go schemes.
Given the qualitative similarities between cities and firms, the economic logic for pay as you go applies to cities, just as it does to firms. Firms and cities have quantitative differences.
We expect the demand faced by a firm to be often more elastic than the demand faced by a city. (It is easier to switch the brand of cars you buy than change where you live.) We expect the possibility of negative demand shocks to be potentially bigger for firms than cities. (The negative shock to Blockbuster of the decline of the videotape rental business obviously was more severe than the negative demand shock to Detroit.) Nevertheless, these are differences in degree, not in kind. We think the reason why pay with promises has persisted in the public sector and not the private has less to do with differences in economics and more to do with differences in institutions. (For example, state constitutions may specify pension rules for the public sector, but not the private sector.)
We turn to how our paper connects with previous literature. Although the death spiral mechanism highlighted here is intuitive, in the most basic urban economics models with free mobility across jurisdictions and equilibrium in land markets, the death spiral effect actually does not go through. This follows because in standard models, any kind of deferred tax liability is completely capitalized in land prices. (See, for example, Epple and Schipper (1981) . 5 ) This prevents current residents from passing off unpaid promises to later residents, because current residents themselves get charged for the services when they sell their homes.
This mechanism is not at play in our model because we assume that city land is in excess supply with a zero price. Once land has zero value, there is no self-correcting mechanism, since the outcome is at a corner. We believe this is a useful abstraction for thinking about the Detroit case. For many years, Detroit has been known for having large parcels of vacant land. In fact, in 2009, extensive discussion began about the possibility of converting parts of Detroit back to prairie land and farmland. 6 Housing prices are astonishingly cheap.
Currently, Zillow.com is reporting that the median price of homes listed for sale in the city of Detroit is $9,900.
7
There exists an extensive public finance literature on incentive problems where voters can pass off bills for current government consumption to later generations. Inman (1982) is an early paper that focuses on the underfunding of pensions. Bassetto and Sargent (2006) and Bassetto and McGranahan (2011) are recent treatments that feature analogous externalities, where current voter decisions affect the welfare of later voters. The papers in this literature shut down the possibility of capitalization of voter decisions into land prices. Our paper has the same externality featured in this literature. The key way in which our paper is different is our focus on equilibrium mobility and the possibility of a death spiral. This kind of effect gets left out of this literature because location choices of individuals are taken as exogenous.
The concept of a death spiral has wide application throughout economics and is perhaps most commonly associated with health insurance and adverse selection. (If a pool of particularly sick people sign up for a policy, rates will have to go up, so the healthy will tend to leave the pool, making things worse.) See Buchmueller and DiNardo (2002) , for example. We also note that the unfunded liabilities analyzed in this paper act as a kind of debt overhang, and so this paper is in the spirit of the large literature on how levels of debt affect economic outcomes (e.g., Myers (1977) ).
The rest of the paper proceeds as follows. Section 2 presents several motivating facts.
Section 3 describes the model, and Section 4 analyzes our main results. Section 5 provides concluding remarks.
Motivating Facts
In this section we lay out six motivating facts that we refer to as we develop and analyze the model.
• was not funded. Note that the biggest unfunded liability is retiree health care. In fact, the majority of cities put zero money aside to pay for the future retirement benefits of current workers. This is true in particular for the city of Detroit. According to the city of Detroit's June 2013 "Proposal for Creditors," Detroit faced $5.7 billion of retiree health care liabilities, and none of this was funded. The unfunded actuarially accrued liabilities for the pension plan were estimated to be $3.5 billion.
• Fact 2: Although population growth for the country as a whole is positive, individual cities are subject to various economic shocks and some decline.
Consider the 61 key cities in the Pew Charitable Trust sample mentioned above. Over the period 1990-2010, 11 of these cities experienced population loss. These cities are listed in The remaining facts are specific to Detroit's situation, and we pull these out from the 2013 "Proposal for Creditors," a document that we found fascinating.
• Fact 3: Current levels of municipal services to residents and businesses are severely inadequate.
The wording for this fact comes directly from the document. A good summary statistic is the fact reported earlier that 40 percent of the streetlights are not working. A second one is that average response time to priority one emergencies by the police doubled from a half hour to an hour between 2012 and 2013.
• Fact 4: The tax burden in Detroit is extremely high relative to neighboring jurisdictions.
Detroit has the highest property tax rate in the state. It levies an income tax of 2.4 percent, whereas every other municipality in the metropolitan area (except for one minor one) has no income tax. Detroit has a special tax on the consumption of utilities-a tax imposed by no other municipalities in Michigan.
We conclude with two facts related to unions. These facts will be relevant, as we will see in the analysis of how unions exacerbate the problems of the pay-with-promises model.
• Fact 5: Detroit's work force is heavily unionized. In general, unions raise wages relative to nonunion levels.
Out of 9,560 current city employees, 8,270 are represented by a union. Astonishingly, there are 47 bargaining units in Detroit (listed in Table 2 ). For example, the Detroit Income 9 Here we select out the 1990 census places that we can match to the 2010 census. This is 2,911 out of 3,148 overall 1990 census places with 10,000 or more in population.
Tax Investigators Association has a bargaining unit with 15 employees, and the Field Engineers Association has a bargaining unit with 2 employees. This table provides a sense of how thoroughly unions have implanted themselves into Detroit's workforce.
Regarding pay, a large body of research has shown the positive effect of unions on pay.
An article by Lee Ohanian focuses particularly on public sector workers.
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Next, we turn to work practices.
• Fact 6. Union contracts in Detroit have imposed work practices and work rules that have been associated with reductions in productivity, according to various studies. In response to the crisis, these contract terms have begun to be amended.
Collective bargaining agreements for city workers have imposed standard union work rules and work practices, thereby impeding management rights. In particular, employees have held "bumping rights" that allow them "to transfer across departments based solely on seniority (without regard to merit, relevant qualifications or experience in the new position.)" 11 There have been standard limitations on management's ability for "revising or eliminating job
classifications." There have been standard limitations on management's "right to implement and modify disciplinary policies." These work rules have been found to reduce productivity.
See Schmitz (2005) and the discussion in the Ohanian article cited earlier.
In response to the crisis, contract terms have been amended. In 2012, "City Employment
Terms" went into effect that included changes in the above-mentioned work rules, in addition to across-the-board wage cuts and reductions in health care benefits. For example, nonpolice employees may now "be employed in any function per the city's discretion." 12 The role of the crisis in forcing the elimination of work rules is analogous to what happened in the iron ore industry, as analyzed in Schmitz (2005) .
3 The Model
Description of the Model
We develop a model of the population of a city, in which there is a local government that collects taxes and provides a service. Tax revenue is used to pay for the service as well as pay for any past promises made by the local government. We think of the city as being part of a larger economy, and residents locating in the city will have choices to live somewhere else.
For simplicity we take the rest of the economy as given and provide a partial equilibrium analysis of one city.
We assume that individuals locating in the city have a perfectly inelastic demand for land. Moreover, we assume there is sufficient land so that it is in excess supply with zero price. The introduction argued that this is a useful abstraction for considering Detroit.
Tax revenue in the model is obtained through taxing productive activity, such as labor or business activity. Taxes create distortions. Rather than model specifics of labor supply, we model the distortions created by taxation in a direct fashion. We assume residents are identical in terms of the distortions created per tax revenue dollar collected per resident.
Formally, let  be the net local tax revenue collected per resident. Let  = () be the full cost of collecting this revenue, including the distortion. Assume that () ≥  (i.e., that the full cost exceeds net revenue collected). Assume  0 () ≥ 1 (i.e., that the marginal full cost of one more dollar collected is greater than one). Finally, assume  00 () ≥ 0, which says that the full cost of taxation is convex. Equivalently, distortions increase as more tax is collected. These are standard assumptions made on how distortions relate to taxation, and the economics underlying these assumptions is well understood.
Let  denote the quality of the local government service. Assume individuals have quasilinear utility such that dollar valuation of service quality  is given by  (), where  (0) = 0,
Define the service-adjusted tax price as
This begins with the full tax collected (including distortions) and subtracts out the value of the government services received.
Time is discrete. In each period , there is a demand function   (  ) for being a resident in the city that will depend on the service-adjusted tax price   of being a resident. We assume this is strictly decreasing in   . This reduced form subsumes all the economic factors related to the city, aside from taxes and local government services. For example, it is meant to capture the productivity of working in the city. If the location has a comparative advantage for certain industries, like the auto industry, and if there is a national increase in demand for the auto industry, then this shifts demand   (·) out. The framework also accounts for amenities. If the city has a pleasant climate, this will be associated with higher demand.
Finally, note that the demand function is strictly decreasing in the service-adjusted tax price . We think of this as being driven by heterogeneity across individuals. Some individuals may have skills that are a good fit for the industry mix of the city; other individuals may not have these skills. Some individuals may have a preference for the particular amenity package in the city, others less so.
We note that our approach of subsuming all the economic factors, including industry productivities and amenities, into a demand function,   (  ) allows for a general structure.
However, we want to highlight two key assumptions built into this structure. First, individuals are perfectly mobile each period. That is, when making a decision of whether to live in the city today, they only need look at the current service-adjusted tax price. They do not need to forecast the future taxes and services, because in the future when they decide where to live, decisions made today will be irrelevant. Second, the evolution of the resident demand function  +1 ( +1 ) in future periods does not depend on decisions made in the current period. Thus, for example, we are ruling out cases in which the government makes investments in infrastructure that carry forward into future periods and that make the city more attractive. Including such an investment would introduce an additional state variable to keep track of, thereby complicating the analysis. To keep things simple, we abstract from this issue.
In Figure 1 , we plot resident demand   (  ) for a particular example. The demand curve is the green line. 13 Note in the plot that the function cuts through the axis at  = 0 to allow for negative values of . The service-adjusted tax price  given by (1) is negative if the value of the government service  () more than offsets the full cost of taxation ().
Next, we turn to the specifics of local public finance. The cost of providing the service at a particular level  scales up proportionately with the population. Think of the service as being police and fire protection or streetlights. If there are twice as many residents, there are twice as many issues for police to attend to, and twice as many streets to light. For simplicity, we assume that public sector workers are the only input in production. Let   13 In the example, () = 05 − 05 be public sector labor productivity at time , and let   be the total number of residents at time . Then the required amount of public sector labor equals
We take wages paid to public sector workers as given. Each unit of labor employed at time  receives a current compensation   (i.e., when active) and a future payment   in the subsequent period (e.g., retirement benefits). The city can buy all the labor it demands at these prices. One way to interpret this is to think of these terms as fixed by a union contract and that there is a large pool of workers available to work at these terms.
Given the way in which the local government service is financed, each period will begin with a legacy cost   . This equals the retiree benefits owed based on last period's employment,
Each period is divided into two stages. In stage 1, individuals decide whether or not to live in the city, taking legacy costs   as given. (Note that we model this decision as being made in each period. If the individual lived in the city in the previous period, we can think of this as the individual's decision about whether to stay. If the person lived somewhere else, the decision would be whether to move here.) Let   denote the quantity of individuals choosing to live in the city as of the end of stage 1. Note that when deciding whether to live in the city, individuals take into account the existing legacy cost   . In stage 2, the   residents for period  collectively decide on the level   of government service for the period.
All individuals have the same valuation for the service and face the same tax prices, so the current residents will all agree on the policy choice, assuming the current period is all that matters in collective decision making.
Conflict will arise if some individuals expect to be in the city next period, while other individuals expect to be somewhere else. The decisions in the current period affect future legacy costs, so whether one expects to be in the city long term or not affects spending preferences. To keep the analysis simple, we assume that 50 percent or more of the residences either (i) do not expect to be in the city in the next period or (ii) have discount factors of zero. In either case, only the present matters. Assuming policy is determined by majority rule, maximizing the current utility of residents is the equilibrium outcome.
Equilibrium
Here we determine equilibrium and in particular the conditions under which a death spiral will occur. We begin with the analysis of stage 2. At this point population   is fixed, having been determined in stage 1. Furthermore, the legacy cost   determined in the previous period is also fixed. The choice of service level   , combined with the legacy level   and population level   , together pin down the amount of net tax revenue that must be collected. This is determined from the government budget constraint,
The left-hand side is the total net tax revenue collected, equaling population   times net taxes   per resident. The right-hand side has legacy costs (which must be paid out of current tax revenues) in the first term and the wage bill for current workers in the second term, where we substitute in the quantity of current public employment   given by (2). It is useful to write the government budget constraint on a per resident basis by dividing through by   :
Each current resident pays his or her share of legacy costs, plus the current cost of providing for the resident's share of the current government service. Note, if    0, the current service will also entail a future legacy cost. But under our assumption that at least half of the residents do not care about taxes in the next period, future legacy costs are irrelevant in decision making.
The choice of service quality maximizes a resident's current payoff, or equivalently, minimizes the service-adjusted tax cost of living in the city. That is, the service quality solves
for   satisfying (5). Let  * (     ) be the optimal choice. Substituting in (5), we can write the service-adjusted tax price as
The following is the first-order necessary condition for an interior service level    0,
It is immediate that  * (     ) strictly increases in the legacy cost   . Next, consider how
In the limiting case where the legacy cost is zero,
Greater population makes it possible to share the burden of the legacy costs over more people. If    0, in the limit as   gets small the tax price goes to infinity,
14 The function is illustrated by the red curves for four different values of the legacy cost. The higher the legacy cost, the higher the curve. When the legacy cost is positive,    0, the adjusted tax price strictly decreases in population. The curve is analogous to an average total cost curve in a product market when there are economies of scale. The legacy cost is like a fixed cost that is divided over more units, the larger the volume. Note that as the legacy costs increase, the curves not only shift up but also become more sharply downward sloping as the equivalent of fixed costs becomes more important. In the limiting case of no legacy costs,   = 0, the curve is perfectly flat. This is analogous to the case of constant average costs in product markets.
Next, we examine stage 1, where the population level is determined, given current legacy cost   . When making a decision about whether to become a resident in the city, an individual rationally forecasts the outcome of local government behavior in stage 2. To write down the equilibrium condition, it is useful to work with the inverse demand curve
That is, at the level of entry   , the implied service-adjusted tax price must be consistent with the price from the inverse demand curve that sustains the entry. When there are one or more solutions to (8), let equilibrium entry    (  ) be the maximum level of all   satisfying 14 In the example, Figure 1 illustrates equilibrium in the example for different values of legacy costs. As noted above, the tax-price curve is analogous to an average total cost curve in a product market. Start at the limiting case with no legacy cost,   = 0, which takes us to the case where "average cost" is the horizontal line at  * ( 0) = −4. In this case, there is a unique intersection of the demand curve at   = 14, and this is the equilibrium population. Next, increase the legacy cost from   = 0 to   = 7. This shifts up the  * curve. Demand now intersects the  * curve at two locations. We select the largest of the two,   = 12. Note that equilibrium population has declined by 02 because of the higher legacy costs. Next, we increase the legacy cost to 1.43, at which point the demand curve is just tangent to the  * curve, and the equilibrium population is   = 75 at this point. At any higher legacy cost, the  * curve lies everywhere above demand, with no intersection. Zero population is the unique equilibrium,    (  ) = 0, for these cases. We call this the death spiral outcome. The dynamics of this model can be summarized as follows. The state at the beginning of period  is the current legacy cost   and demand   (·). In stage 1, entry by current
and the implied taxes are determined. This pins down next period's legacy cost,
and given next period's demand   (·), the process is repeated. One additional point to make is that if there is a death spiral so no resident enters,    (  ) = 0, then there is no one to pay the legacy cost. We assume that the legacy cost remains, going into next period; that is,
If demand is constant over time, there will not be entry in later periods either. In such a case, the legacy cost is like a toxic waste dump at the location that keeps people from wanting to move in.
Analysis of the Model
We now put the model to work to address three questions outlined in the introduction. 
Effects of Legacy Costs
Analogous to our definition of equilibrium population    (  ), let    (  ) be the equilibrium tax revenue per resident and    (  ) be the equilibrium service quality as a function of the total legacy cost   .
Proposition 1. For interior values (
That is, higher legacy costs raise taxes and lower service quality and population.
Proof. It is immediate that
strictly increases in   , combined with the assumption that   (  ) is strictly downward sloping. Differentiating the first-order necessary condition (7) yields
Since  00  0 and  00  0, the slopes  0  (  ) and  0  (  ) must have opposite signs. Differentiating formula (5) for   , we obtain
This result highlights the fundamental forces at work in the model. Suppose we begin with a given legacy level, and suppose taxes, service levels, and population levels are at their equilibrium levels. Now, from this position, suppose we raise legacy costs. If we were to maintain the current service levels and the current population, taxes will have to be raised to pay off the higher legacy cost. Recall our assumption that the marginal distortionary impact of taxation increases with taxes. With higher taxes from the higher legacy costs, the marginal cost of taxation increases, making it optimal to reduce city services. Thus taxes have increased and services have been cut, making the city less attractive, and population (up to this point held fixed) will decline. This puts further pressure on the budget, leading to another round of higher taxes and lower services, creating the feedback highlighted in the paper.
Next, we derive a formula for the effect of higher legacy costs on the welfare of current residents. Analogous to the concept of consumer surplus, we can define resident surplus to be the area below the demand curve for living in the city, netting out the cost of living in the city (i.e., the service-adjusted tax price). We denote resident surplus at time , given
The first term is gross resident surplus (all of the area below the demand curve). The second term is the service-adjusted tax price aggregated across residents (this is analogous to total consumer expenditure in a product market). Figure 2 illustrates resident surplus in the example, for the case where  = 7. A straightforward application of the envelope theorem
where the mobility elasticity with respect to legacy costs is defined by
Holding population fixed, an increase in legacy costs has a marginal tax cost of  0 (this is the −1 term). But there is an additional negative effect because a higher legacy cost reduces population, a distortion that destroys surplus. The magnitude of this effect depends on the mobility elasticity. The more mobile are residents, the bigger the negative effect of legacy costs on welfare. If demand for living in the city were perfectly inelastic, this second term would drop out. Equation (9) illustrates in a succinct way how legacy costs and mobility interact to affect welfare.
We have examined the welfare effects of a change in the level of legacy costs. Next, we consider what happens when legacy costs are a random variable and we change the variance of legacy costs but leave mean legacy costs the same. By looking at this issue, we examine the capacity of a city for absorbing risk. We are thinking here of defined benefit pension funds where governments actually do put money away to pay for future benefits, but where the government assumes the risk, in cases where there are deviations from expected value. Given the structure of the model, can cities be viewed as risk-neutral agents who can costlessly absorb risk? To answer this question, we use equation (4) to obtain the following result.
Proposition 2. A sufficient condition for   (  ) to be strictly concave is that    (  ) be weakly increasing.
Proof. The proof is immediate.
The key force underlying this result is that tax distortions increase with higher taxes.
This has the effect of making cities risk averse in legacy levels. Consider a bet where with probability  − the legacy cost will actually be negative,  −  0. For example, suppose the city has a defined benefit pension plan with investments that have an uncertain rate of return. If investment returns are high, the pension plan is overfunded. Assume next with probability  + that the legacy cost is positive,  +  0. (This corresponds to investment returns coming in low.) Finally, assume that the expected value is zero, 0 = 
so that in an expected value sense, the pension plan is fully funded. Under the condition imposed in Proposition 2, expected city welfare is strictly lower when the city absorbs the risk of the plan, as compared with completely off-loading the risk (e.g., through a defined contribution plan).
According to the above analysis, if city workers are risk neutral, and if residents themselves are risk neutral, it is nonetheless inefficient to pass the risks of retirement uncertainties to the city. This follows because under the condition of Proposition 2, the derived utility function of the city (i.e., resident surplus) is strictly concave in legacy cost. Of course, city workers are likely to be risk averse and will have a demand for some kind of insurance.
However, this insurance does not necessarily need to be provided by the city. It is efficient, in this environment, for risks associated with retirement plans to be passed along to financial intermediates that have the capacity to absorb risk. That is, a city might still offer a defined benefit plan, with a locked-in formula for what retirees get each year. But the risks associated with such a plan would be absorbed by the financial intermediary, with no recourse to the city. That is, from the city's perspective, the retiree benefits included with the compensation to current workers is pay as you go, and in terms of the city's accounting would look just like a defined contribution plan.
Steady State
Next, we analyze the steady state of this model when demand is constant over time,   () = (), and all the other model parameters are constant, such as productivity   = . We solve for the steady state level of population, government service provision, and legacy costs. We determine how these vary when compensation is shifted away from current benefits toward promised future benefits.
In a steady state, population in the current period is the same as in the previous period,
, and current quality is the same as previous quality,
, we can rewrite the first-order necessary condition as
( 1 0 ) Current residents pay   for this period's active workers, plus the retirement benefits of last year's workers. In stationary equilibrium, the count of last year's workers equals the count of current workers. It is like a social security system in which the current residents pay part of the wage bill of last period's workers, and tomorrow's residents pay part of the wage bill of current workers.
At the margin, when current residents increase service quality, they do not pay the full marginal cost (the next generation pays a part of it). The more cost gets shifted forward, the greater the incentive to increase the current service level. To analyze this formally, let  be the share of the wage bill that is retiree benefits (legacy costs),
( 1 1 ) Proposition 3. Hold fixed total wage   +   =, and let  be the share (11) that is paid in the future period. The stationary quality  • ( ) strictly increases in . The tax price
Proof. It is immediate from (10) that  • ( ) strictly increases in , since this lowers   but leaves   +   constant. Next, note that we can write
for a function (·) defined by
Note that () is minimized at  • ( 0) and is strictly increasing in  for    • ( 0), using
Q.E.D.
Note also that as  increases and with it  • ( ), the stationary population  • () necessarily decreases.
Negative Demand Shocks and Death Spirals
In this subsection we assume that the city is in a steady state with an initial demand  • ().
The city then experiences a negative demand shock. If the negative shock is sufficiently bad, the result is a death spiral where population collapses to zero.
Formally, assume that, on account of the demand shock, demand to live in the city is a constant fraction  of what it would have been before, that is,
( 1 2 ) As before, we continue to assume that total wages are fixed at   +   =, and we vary the legacy cost share . Let   be the new equilibrium population level in the period immediately after the demand shock is realized. This period begins with the steady state legacy cost  • under the original demand. Finally, assume that there is some choke point
Proposition 4.
(i) If  = 0, then   =  • and service qualities and taxes remain at the original stationary levels,
There exists a cutoff  0 such that if  , we obtain the death spiral outcome where
Proof
Proof of (i). This is immediate. Proof of (ii). Note that if   0, the stationary legacy cost is strictly positive, 
must hold for all , for small enough . Define  0 to be the minimum value of  such that there exists at least one level of  such that (13) With a strict pay-as-you-go compensation practice, a proportional decrease in demand yields a proportionate decline in city size, as the city scales everything down. (Think of this as a case where the "supply" curve is perfectly horizontal.) Once we have pay with promises, proportionality falls apart. The legacy costs do not scale down. Rather, they become proportionately more burdensome the more severe the demand shock. If the demand shock is severe enough, the city collapses.
Effect of Unions
As discussed in the introduction, in the public sector, pay-with-promises compensation practices can be in found in both union and nonunion settings. So when we examine the effect of unions here, we hold fixed the extent of promises in compensation (i.e., the parameter  in (11)). We model unions as increasing the combined compensation over both periods. As discussed in Section 2, it is well known that unions tend to raise pay and benefits. Formally, we assume that unions shift up current pay (1 − ) and the future promised benefit  by the same proportion. Following Fact 6 in Section 2, we also model unions as decreasing productivity . In summary, we assume    and      . Otherwise, we treat a union and nonunion city as the same along every other dimension.
Our result is
Proposition 5. If stationary spending  •  •  is higher with a union, then the negative demand shock threshold for triggering a death spiral is higher with a union. That is, a death spiral is more likely when workers are unionized.
Proof. It is sufficient to show that for any ,  * (  • ) shifts up in the union case. Note first that the stationary legacy cost
increases with a union by assumption. Therefore, it is sufficient to show that  * ( ) shifts up with a union for a fixed . It is immediate from inspection of formula (6) that  * ( )
shifts up with a higher value of
Unions are related to whether or not a death spiral takes place for two reasons. By driving up costs, unions increase spending on public services. The first way this matters is that is when expenditures paid in promises, unions increase the stationary level of legacy costs that periods begin with. Second, unions increase the cost of providing current services, thereby contributing to an exodus from the city.
The Role of Bankruptcy
When there is a sufficiently negative demand shock (i.e., if the demand shifter  is less than the cutoff), the city falls into a death spiral and collapses to zero population. The promised benefits cannot be paid, and the city has a toxic debt overhang. Following Proposition 5, a potential way to dig out of this situation is to cut overall compensation or raise productivity  by eliminating inefficient work rules. However, if the negative demand shock is sufficiently severe, these steps might not be enough.
We consider the role of bankruptcy in the following scenario. We begin with the city in steady state at demand function  • (·). Assume next that the city experiences a proportional demand shock  of the form (12). Let  be drawn from a distribution with support  ∈ (0 1], with continuous distribution density (). Assume for simplicity that the new demand conditions are expected to be permanent. Following Proposition 4, there is a cutoff that triggers a death spiral, and with our assumptions on the support of  there is a positive probability of  below the cutoff.
Suppose a bankruptcy policy exists such that if  , legacy benefits are written down to exactly the level where the city is at the threshold of being in a death spiral. That is, legacy benefits are written down to the minimum value of  such that a positive solution    0 exists to the equilibrium condition,
For example, in Figure 1 , suppose the legacy cost is above 1.43, meaning that we have the death spiral outcome. If the legacy cost is written down to  = 143, where demand is just tangent to the service-adjusted tax price, we obtain an equilibrium outcome with positive population. Call this threshold value   (), noting that the value will depend on the level of the demand shock. Note in particular that   () =  * (i.e., there is no writedown in the limit where the shock is at the threshold triggering a death spiral). The more severe the demand shock (the lower ), the more severe the haircut (the lower   ).
In this abstract setting, introducing bankruptcy is a Pareto improvement. The workers that are owed benefits are better off getting   than nothing. The people who choose to live in the city are better off, of course, as are the subsequent generations of residents who populate the city.
In more general models, allowing for future bankruptcy may feed back into voter decisions today. It may make voters more profligate in current spending, with the hope of off-loading debt later by declaring bankruptcy. This factor plays no role in our model because we assume from the start that voters maximize short-term benefits. Adding alternative possibilities in the future does not affect current behavior. But suppose instead we consider a more general environment where the possibility of writing off future debt affects current spending decisions. The anticipation that promised benefits might not materialize might induce workers to demand compensation that is more front-loaded (i.e., more pay as you go than pay with promises). If that happens, cities will be less vulnerable to a death spiral.
Extensions
Here, we briefly consider three ways to extend the analysis.
The first extension is to allow for discriminatory tax policies. To make our point, we refer back to Figure 1 and consider the adjusted-tax-price curve associated with the highest legacy cost (labeled  = 2). In this case, the adjusted-tax-price curve lies everywhere above the demand curve, and a death spiral with zero population is the only outcome. This is analogous to a case in a product market where there exists scale economies, and the average total cost curve lies everywhere above the demand curve. In a product market with these conditions, if uniform pricing is the only possibility, the product will not exist. However, if price discrimination is feasible, it might be possible to extract sufficient revenue to cover costs. In the same way, if cities can discriminate across residents, and in particular can offer lower rates to residents with lower willingness to pay to live in the city, it may be possible to avoid a death spiral even with  = 2. Here, we are thinking of special deals to residents with low willingness to pay as corresponding in practice to special deals offered to new businesses to add to the tax base-deals that are not offered to existing businesses.
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A second extension would be to introduce land and explicitly incorporate that future retirement liabilities may be capitalized in land prices. As noted in the introduction, if there is perfect capitalization, the death spiral channel highlighted here is completely eliminated.
That is, land prices completely absorb future liabilities, so in this extreme case, the particular way in which employee compensation is financed does not affect residential choice.
(This is a standard Ricardian equivalency point, as in Barro (1979) .) An extreme case with perfect capitalization is an abstraction, just as an extreme case with zero capitalization is an abstraction. Although we have argued that the zero capitalization case is particularly useful when considering the Detroit case, in general we expect something in between these two extreme cases. As long as pension liabilities are not completely capitalized into land prices, the basic forces we highlight continue to operate, albeit in attenuated form. When a city that pays its workers in promises experiences a negative shock, its legacy costs are averaged over fewer people, making the city less attractive and thereby magnifying the effect of the original shock. Examining this dynamic in a richer model incorporating land markets, and potentially quantifying magnitudes of this channel, is an interesting topic for future research.
A third extension would be to introduce malfeasance by city administrators. In the model, it is assumed that the government acts in the interest of current residents. In reality, that might not be true. This introduces an additional advantage to pay as you go over pay with promises because it puts administrators on a shorter leash (i.e., it provides more discipline).
It is possible for us to talk about malfeasance, even in the model as currently stated. Detroit is notorious for bad government; former mayor Kwame Kilpatrick was recently sentenced to 28 years in prison. In our model, we can think of poor government as a kind of negative demand shifter (in the same way that bad weather or bad industries are negative demand shifters). The advent of bad government will, of course, result in population loss as demand shifts down. The key insight of this analysis is that, if the city is also burdened with legacy costs, the negative effects of bad government will be magnified and will be more likely to result in a death spiral.
Concluding Remarks
The recent events in Detroit are important. Detroit is such a big city that the case is interesting in itself. Furthermore, the city is not unique in the problems it faces (although it is the most extreme instance). In this paper, we have worked through a simple model that highlights key aspects of the case. The parties involved with this case are very much aware of these key factors. Reading the 2013 "Proposal for Creditors" is almost like going through the ingredients of the model one by one. The issue here is not one of a zero-sum game, about how a fixed pie is transferred from one and given to another. Rather, the issue is about whether the city can survive, whether it can stop a death spiral fueled by abysmal services and high taxes.
If Detroit is going to survive, clearly it will have to write down some of its debt, including promised benefits to retirees. At the moment, that is where things appear to be headed.
But our interest in writing this paper is less about what to do in the aftermath and more about adding to the discussion of government employee pay structures going forward. Our analysis has highlighted that (1) residents are mobile and make a choice of whether or not to live in a city and that (2) the "demand" by residents to live in a particular city is subject to shocks, similar to what happened to the auto industry in Detroit. When we consider the two of these highlights together, we see that problems arise when cities use pay-with-promises compensation schemes. When legacy costs exist, negative demand shocks get amplified on account of the mobility of residents.
As noted in the introduction, there is an analogy between a city and a firm, because a city can attract residents with low taxes and high service equality, in the same way that a firm can attract customers with low prices and high quality. And just as firms can experience demand shocks, cities can too. Considered this way, the recent bankruptcies of General
Motors and the city of Detroit have much in common. Both were saddled with huge legacy costs and inefficient work practices. Both experienced negative shocks in demand. As part of restructuring, General Motors has cut back on inefficient work practices and has moved close to a pay-as-you-go model. To the extent that Detroit also moves far in this direction, it will be more resilient in the face of future shocks.
One final point we wish to emphasize from our analysis is that it raises concerns even when cities set money aside to pay the expected value of the benefits but assume the risks of deviations from expected value. We show that it is costly for cities to absorb risk. We raise the issue of why cities should be in the insurance business, as compared with financial intermediaries that might be better suited for absorbing risk. 
